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Abstract 

We study the absorption probability and Hawking radiation of the scalar field in the rotating 
black holes on codimension-2 branes. We find that finite brane tension modifies the standard results 
in Hawking radiation if compared with the case when brane tension is completely negligible. We 
observe that the rotation of the black hole brings richer physics. Nonzero angular momentum triggers 
the super-radiance which becomes stronger when the angular momentum increases. We also find 
that rotations along different angles influence the result in absorption probability and Hawking 
radiation. Compared with the black hole rotating orthogonal to the brane, in the background that 
black hole spins on the brane, its angular momentum brings less super-radiance effect and the brane 
tension increases the range of frequency to accommodate super-radiance. These information can 
help us know more about the rotating codimension-2 black holes. 
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I. INTRODUCTION 

In braneworld scenarios it is known that large extra dimensions can lower the fundamental scale of gravity 
down to the order of TeV. This brings the possibility of creating microscopic black holes in high energy 
experiments such as the forthcoming Large Hadron Collider (LHC) 1] (for a recent review on this topic and 
a complete list of references please refer to ^j). After their creation, these microscopic black holes will decay 
quickly through the emission of Hawking radiation. Hawking radiation serves as the chief arena for studying 



14{ . Other attempts on detecting 



i5i 



19|. 



the quantum gravity and disclosing the signature of extra dimensions (3| 

the extra dimension have been investigated in the perturbations around braneworld black holes 

Most examinations for the extra dimension through Hawking radiations and the wave dynamics are con- 
centrated on braneworld black holes with zero brane tension. However the nonzero tension on the brane is 
not trivial, since it can curve the brane as well as the bulk. In general it is very hard to obtain exact solutions 
of higher-dimensional Einstein equations describing black holes on the brane with tension. Recently, a metric 
describing a black hole located on a three-brane with finite tension, embedded in locally flat six-dimensional 
spacetime was constructed in 
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19| 



20[. Hawking radiation 10| and perturbations around this black hole 
have been studied subsequently, where modifications due to the finite brane tension and imprints of extra 
dimensions have been examined. 

Further progress has been made by generalizing the Schwarzschild like solution of [2OI to rotating black 
holes on a codimension-2 brane [21]. Including the rotation will bring richer ph ysic s. In Hawking radiation 
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14| where the brane 



the amplifications in various properties due to the rotation have been shown in 
tension was zero. It is of great interest to examine the evaporation of the rotating black holes on codimension-2 
brane and investigate the physics brought by the rotation and the brane tension. 



The general metric of a small rotating black holes on a codimension-2 brane reads 



2ii 



ds^ = -{1 - -—)dt'^ + ——{aififdcf)! + ba2f4d(j)2)dt ' 
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dr^ + r^{da^ + dfif + dfj.^ + ^l'^'^4>^ + b fi2d<t>2) 



+ alldfij + fil{l + ^fJ.l)d(f>l] + al[dfil + 6^2(1 + ^^A)d<t)l] + 2baia2-^f4fild(f)id(j)2, 
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with 
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a 



(2) 



i=l 



Here ai, a2 are two angular momentum parameters. The two direction cosines, fii and the coordinate a are 



constrained by 

^J.l + ^il + a^ ^1. (3) 

The quantity ^ ~ r^/b is proportional to the mass of the black hole, where is the horizon radius of the usual 
six-dimensional Schwarzschild black hole. The parameter b is related to the brane tension A by 6 = 1 — ^^^^4 
with < b < 1 , where is the fundamental mass scale of six-dimensional gravity. 

There are two different choices of angles through which the hole can rotate. Choosing the rotation axis to 
be 02, by setting oi — 0,a2 — a, and after doing rescale 02 b(j)2 and substituting ipi — 4>, 4>2 — V^, and 

^i=sin0, ^2=cos0sinx, a = cos0cosx, (4) 

into equation ([T]) , we can obtain the metric for the black hole spinning orthogonal to the brane with its angular 
momentum pointing along the brane 

ds^ = -(1 - A^)de + ^ sine^dtd^ + ^dr^ + p'de^ 

+ Sin e\r^ + a^ + l^^-^^)d(f>^+r^ COS 9^ {dx^+b^ Sin x^di:^), (5) 

j.p2 

„2 _ ^2 I „2 q2 j a _ „2 I „2 



where p = r + a cos 6 and A = r + a — fi/r. The Hawking temperature and the angular velocity of the 
horizon can be expressed as 

_ 3r|, + 

and 

= W^y ^ 

Due to the presence of b the radius of horizon is larger than [21.] , the angular velocity at the horizon is 
smaller than that in the tcnsionless case. 

Choosing 01 as the rotation axis, the hole would be spinning on the brane with its angular momentum 
orthogonal to the brane, whose metric has the form 



s2 = _(i _ J^)dt^ + ^ sin0^ dtd^ + Cdr^ + p'dO^ 



+ sine\r^ +a^ + ''^^^ )dcp^ + cosO^dx' + sinx'd^;'). (8) 

j,pZ 

The Hawking temperature is the same as that in the previous case, but the angular velocity at the horizon 
becomes 



It is clear that this angular velocity is larger than that in the tensionless case because the radius of the black 
hole horizon rn ^ b^^^^Vs^ and thus the denominator in equation (9) + a^) ^ b^/^rl + ba? < + a? . 

We will discuss the evaporation of scalar field in six-dimensional black holes pierced by a tense 3-brane 
rotating orthogonal to the brane and along the brane. We will calculate the corresponding absorption proba- 
bilities and luminosity of Hawking radiation analytically by employing the matching technique of combining 
the far- field and near- horizon parts of solutions in the low energy and angular momentum limit. 

The organization of the paper is as follows: in the following section we will derive the master equation in 
rotating black holes on codimcnsion-2 branes. In Sec. Ill we will present the solution in the low energy and low 
angular momentum limit by using the matching technique. In Sec. IV, we derive the absorption probability 
and the luminosity of Hawking radiation. Finally in the last section we present our conclusions. 

II. THE MASTER EQUATION IN ROTATING BLACK HOLES ON CODIMENSION-2 BRANES 

The equation of motion for a massless scalar particle propagating in the curved spacetime is described by 



=5^(%/=55^''5,)$(t, r, 0, X, ^) = 0, 



(10) 



where ^{t,r,6,ip,x,ip) is the scalar field. Separating the scalar field into ^{t,r,6,ip,x,^) 
g--i''^t+t™4>+i-vip ji(^r''jg(^0^Y{x), we can obtain the radial and angular equations for the metric ([5]) 
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S{9) = 0, 
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6^ sin X 



r(x) = 0, 



(11) 
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Ki = u}{r^ + a^) — am, 



(14) 



and rj and A(j, ry) are angular eigenvalue. 

Similarly, in the background metric ([5]) radial and angular equations can be expressed as 



LA. 

J.2 fj^j. 



dR{r) 
dr 
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Z ^ 77' 

a LO — rjlmj2 — 



sin COS 02 (19 



d9 



S{9) 



u?a? cos0^ 



62 sin^ 9 



j(i + i)«' 



j(j + l) 

COS2 



Rir) = 0, (15) 
Ei^,2 S{9) = 0, (16) 



with 



K2 =uj{r^ +a^) — . 



(17) 



We limit ourselves to the case where ua <^ 1 and the deviation of the parameter b from unity is very 
small which is physically justified for small brane tension. And then we can adopt the perturbation theory 
to calculate eigenvalues of angular equations (dH), (US]) and (fTB|) . This perturbation method was first used in 
ITj and was supported in [19| . As did in [l7[ , we find the angular eigenvalue of Eq. ((TJ 

7?(2j + l)(l-52) 



A(i,77) + + 



262 



(18) 



The zeroth-order eigenfunctions of (fT^ and (|16p can be given in terms of the Jacobi polynomials 



So{0) = (sin6i)l'"lcos6lljlp( - — j + 1 m; 1 - 2 cos^ 



and then angular eigenvalues of Eqs. and can be expressed respectively 

7](2j + 1)(1 - [2(j + m) + l](2j + 3) + 2{l - 3 - m){l + j + m + 3) 



(19) 



Elmjl — /(/ + 3) + 
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(2j + 3)(2j-l) 



2 2 2j(i - 1) + 2^(/ + 1) - 2m2 + A{1 + j) + 3 
(2; + 5)(2/ + l) 



(20) 



P ,n , o^ , m[2(j+m) + l](l-62) ^ ^ , 2j(j - 1) + 2?(/ + 1) - 2^2 + Ajl + j) + 3 

Elrnj2 = + + ^ haw I r.Un, i l\ ' (^1) 
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where I, m, j and rj are restricted by 

^ > (j + |m|), J > M 



(2; + 5)(2; + 1) 



and 



l-ij + to) 



e {0,Z+}. 



(22) 



In the limit 6 — s- 1, the eigenvalue Eimji is identical to Ei,-aj2 and returns to that in the six dimensional 
rotating black hole spacetime without branc tension. 

III. GREYBODY FACTOR IN THE LOW-ENERGY REGIME 



Now we provide an analytic solution of the radial equation using the matching technique. We first derive 
the solution in the near horizon regime, then derive the solution in the far field limit. Finally we stretch and 
match the two solutions in an intermediate region. In this way we can construct the analytic expression in 
the low energy and low angular momentum approximation for the radial part of the field valid throughout 



the entire spacetime. This analytic approximation has been employed in 
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Let us first focus on the near-horizon regime. In order to translate radial equations (|lip and (|15p into the 
form of the known differential equation, we make the following change of the variable 

A 



(^ n ^ 



where A = 3 + a^/r^. Then radial equations (jlip and (|15p can be rewritten in a unified form 



dp 



df 



with i = 1,2 corresponding to new radial equations in the background of (O and ([5]) respectively. 

= 1 



(3r2^ + a2)2^ 



and 



7^ a2 am p o 22 Hj, 
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K,,2 = Lu{rH + —) - - — , P2= , 
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(23) 



- 0, (24) 



(25) 



(26) 



(27) 



for black holes on codimcnsion-2 branes rotating orthogonal to the brane or on the brane, respectively. Making 
the field redefinition R{f ) — /"(I — f )^F{f ), we can rewrite equation ([M)) in the form of a hypergeometric 
equation 



/(I - + [c - (1 + a, + k)f]^^ - dAFif) = 0, 



dp 



df 



(28) 



where 



= ai + f3i + - 1, = ai + (3i 



= 1 + 



(29) 



Due to the constraint from the coefficient of F{f), the power coefficients at and (3i must satisfy the second- 
order algebraic equations 



a- + = 0, 



A{rH) 



and 



Pf+P,{D,-2) + 



{Eiraj, - P^)ipH + a"^) 



Airny r]jA{rHY 
Solving these two equations, we obtain solutions for parameters a and (3 



= 0. 



ai± = ± 



A{rH) ' 



1 



4(^;^j-, - P,)(r|, + q2) 
r2j^(rH)2 



(30) 

(31) 

(32) 
(33) 



Thus, the general solution of master equations pT|) and ^T5\i near the horizon can be expressed as 

R^NH{f) = A,_r-(1 - ff^F{d„ 6~ , c; /) + A,+ /-"(l - ffFid, - c, + 1, 6~ - c, + 1, 2 - c,; /), (34) 
where Ai± are arbitrary constants. Near the horizon, r — > r^, and / ^ 0, the solution (p4)) can be reduced to 



(35) 



with 



kl — LU — 



ko — uj — 



(36) 



for different rotating angles. Here y is the tortoise-like coordinate, which can be expressed as 

According to the boundary condition that no outgoing mode exists near the horizon, we choose ai — ai- and 
Ai-f- = 0. Thus the asymptotic near horizon solution has the form 



(37) 



R^NHif) - A-mi - ff'Fid,, C; /) 



(38) 



Moreover, the boundary condition also demands that near the horizon the hypergeometric function 
F{di, bi, Ci] f) must be convergent, i.e. Re{ci ^ di — hi) > 0, which implies that we must choose f3i = Pi-. 
Now, let us turn to the far field region, where equations (fTTj) and (fT5|l take the form 



dPRpFir) AdRpFir) 



Elmji + a^iij^ 



(39) 



c?r^ r dr 

Obviously, this is a Bessel equation. General solutions of radial master equations (fTTj) and (llSp in the far field 
region can be expressed as 

1 



RiFF{r) 



BtiJu, (wr) + Bi2Y^^ {ujr) 



(40) 



where J^- {ujr) and Y^. {ujr) are the first and second kind Bessel functions, Vi — y^Eimji + <J?uP' + 9/4. Bi\ and 
Bi2 are integration constants. 

In order to match the near horizon and far field solutions in the intermediate zone, we must stretch the near 
horizon solution to the large value of the radial coordinate. As in Refs. 
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14|, at first we change the 



argument of the hypergeometric function of the near- horizon solution from / to 1 — / by using the relation 

R^NK{!) = A^na-ff' 



T(c — i)T(c-d.i — bi) 
^ ^ ^ ^F{d^M.&i + h~c, + l-l- f) 



V{ci - di)T{ci - bi) 



+ (1-/)' 



i~di-b, Y{ci)T{di + bj ~ Cj) 

r(a~)r(&~) 



F{ci - di,Ci - bi, a - di - bi + l\l - f) 



(41) 



In the limit r ^ rn, the function (1 — /) can be approximated by 



and the near-horizon solution (j4ip can be simplified further as 



(42) 



(43) 



with 



r(Q)r(Q - - bj) 2 , 2Mft 



r(ci - ai)V{ci - hi) 

r(ci)r(di + hi - Cj) 



r(d,)r(&0 

In the limit r ^ 0, RiFpir) in equation (|40|) becomes 



RiFpir) 



(44) 



(45) 



(46) 



/?r(M, + i) ^v^(if)'^- 

And then comparing it with equation (I43p . we will obtain two relations between An and Bn, Bi2 in the limit 
ujr}i <^ 1. Then making use of equations (|44p and (I45p and removing j4i_, we find that the constraint for 
Bil, Bi2 is given by 

2 



B, 



21+3 



1/3, 2 , ' " ' 

r'(v/g;rnj- + Q^^' + 974)r(e, - d, - hi)T{d,)T{h) 

X :r — 

T{di + h, ~ Ci)T{ci ~ di)T{ci - hi) 
In the asymptotic region r ^ oo, the solution in the far field can be expressed as 

P ^ Bii+iBi2 ^^,^^ , Ba-iB,2 ^^^r_ ^(oo) e~'"'' , ^(qq) 

niFP\r) — — e + — -== — e — i„ — 

2^/2■KUJ r 2v27ra; r 

The absorption probability can be calculated by 



(47) 



(48) 



■Imji I 
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i out 
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= 1 - 


B^-i 


i in 




Bi+i 



ns* - B,,) 

B,B* + i{B* - B,) + I' 



(49) 



Combining the above result and the expression Bi given in equation (|47p . we can examine properties of 
absorption probability for the massless scalar field in two kinds of classical rotating black holes on codimension- 
2 branes in the low-energy and low-angular momentum limit. 
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IV. THE ABSORPTION PROBABILITY AND HAWKING RADIATION IN THE ROTATING 

BLACK HOLES ON CODIMENSION-2 BRANES 



With solutions obtained above, we are now in a position to compute the absorption probability and discuss 
Hawking radiation of black holes on codiniension-2 branes spinning orthogonal to the brane and spinning 
on the brane, respectively. Recently numerical study on the emission of scalar fields into the bulk from a 
six-dimensional tensional black hole rotating orthogonal to the brane was also proposed in 



221 



In Fig.l, we examine the influence of the brane tension on the absorption probability. We plot the absorption 
probability for the first partial waves {I — 0,m — 0,j = 0) by fixing a = 0.4. It is clearly shown that the 
absorption probability decreases with the increase of b (decrease of the brane tension). In Fig. 2 we fix b (with 
constant brane tension) and exhibit the dependence of the absorption probability on the angular momentum. 
It shows that with the increase of the angular momentum, the absorption probability decreases. The main 
reason is that in the low-energy limit the absorption probability \A{1 = Q,m = 0,j ^ 0)^ ^ ^'^'''h- When 
parameters a and b increase, the radius of the black hole event horizon decreases. The dependence of the 
absorption on the brane tension and angular momentum of the black hole does not differ much for the six- 
dimensional tensional black holes rotating along different angles. 

Fig. 2 shows the dependence of the absorption probability on the angular index. We see the suppression 
of \A\'^ as the values of the angular index increase. This phenomenon explains that the first partial wave 
dominates over all others, which has also been observed in black hole cases when there is no brane tension 
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13j . Moreover, we also observe that the absorption probability in the black hole (O depends on the 
angular index rj. With the increase of the index 77, the absorption probability decreases. 

In Fig. 3, we find that for positive m, in some ranges of frequency lo, the absorption probability can be 
ne gati ve, which presents us the super-radiance. This is the property brought by the rotation as also disclosed 



m 



13|. Here we observed that the brane tension also infiuences the super-radiation. For the black hole 
spinning orthogonal to the brane, the range of lu for the super-radiance to occur increases with the increase 
of b (decrease of the brane tension). But for the black hole spinning on the brane, with the decrease of the 
brane tension, the range of lo for the super-radiance to happen decreases. The physical reason behind this 
phenomenon can be understood as follows. 
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FIG. 1: Absorption probability \A\^ of scalar particles propagating in the rotating black holes on codimension-2 branes, 
for different b and a, respectively, when I = 0, j = 0, m = 0. Here rs = 1. 
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to 



FIG. 2: Absorption probability \A\'^ of scalar particles propagating in the rotating black holes on codimension-2 branes 
for different combinations of {l,m,j), where we fixed a = 0.4, b = 0.9 and = 1. 



As 
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in the low energy limit BB^ :§> i{B * —B) ^ 1, we can simplify our to the form 

|-^/mj2 I 



B*' 



ATT[ujr]i\rjj + a2)i/3/2]2;+3x^ j2(2/5 + ~ 2)r2(l - /3)(2 - - 2/3) 



(50) 



^(rH)/B;~7T974r2(/Ei~7T974)r2(/3 + 7^,-1) sin2(7r(/3 + D,)) 
From (33) we learnt that the quantity 2 — — 2/3 is always positive. The possibility to make l^imjiP < is 
K^,^i < 0, which leads 



am 



(51) 
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FIG. 3: Absorption probability of scalar particles propagating in the rotating black holes (the left for the metric 
([5]) and the right for the metric 0) on codimension-2 branes, for fixed a = 0.4, i = 1, m = 1, j = 0, and different h. 
Here = 1. 



for the black hole spinning orthogonal to the brane and 



b{r%+a^)' 



(52) 



for the hole spinning on the brane. Since rn ~ rsb~^^^, we have in the low angular momentum limit Wc,i oc b^^^ 
and Wc,2 oc b^-^^^, respectively. Thus with the increase of b, ujc,i increases while ^^,2 decreases respectively for 
black holes rotating along different angles. 
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FIG. 4: The super-radiance for the mode I = l,m = l,j = in the metrics (5) (the left) and (8) (the right) for fixed 
b = 0.9 and different a. Here = 1. 



The dependence of the super-radiance on the angular momentum of the black hole is shown in Fig. 4. It 
is clear that the super-radiance occurs when a > and becomes stronger when a increases. For the same 
angular momentum, it brings more super-radiance in the black hole background (5) than that in (8). For small 
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a the magnitude of super-radiance is very small, which has little contribution to the luminosity of Hawking 
radiation. 

Now let us turn to study the luminosity of Hawking radiation of black holes in backgrounds (O and ([S]) 
for the mode 1 = 0, m = 0, j — which plays a dominant role in the greybody factor. For the first partial 
wave (/ = 0, m = 0, j = 0), we have K^ i = K^,^i, P\ = P2, cn = ct2 and /3i = /32, thus in this case there is no 
difference in the absorption probability and Hawking radiation when black holes rotate along different angles. 
Performing an analysis similar to that in {l^. Iisl. we can rewrite the the absorption probability (50) as 

2 4^V|,(r|, + a^)(3r|,+a^) 
= 3(9r|, + «2) • (53) 

Combining it with equation (6), the luminosity of Hawking radiation is given by 

48384^r|,(r|, + a^f{^r\ + a^) 63 ^' ^ ^ 

where G = — " 3(9r^ +a?) Fig. 5, we show the dependence of the luminosity of Hawking radiation on 

0.0016 ^ ^ ^ ^ ^ ■ —71 0.0016 
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I 0.00125 \ ^ - 

0.86 0.88 0.9 0.92 0.94 0.96 0.98 1 0.05 0.1 0.15 0.2 0.25 0.3 

b a 

FIG. 5: The luminosity of Hawking radiation L of scalar particles propagating in the rotating black holes on 
codimension-2 branes = 1, m = 1, j = 0). The left shows the change of L with 6 for different o and the right 
exhibits the change of L with a for different h. Here = 1. 



parameter h for fixed angular momentum parameters, ft is clear that as h increases, (decrease of the brane 
tension), L increases. From the formula ([54|) . we obtain that in the low rotating limit L ^ ~ h'^/^rj'^ . This 
shows that the decrease of the brane tension enhances Hawking radiation. This effect can also be understood 
from the Hawking temperature. We have — . ,2 t a'f "2?2/q ■! , 2\ > which indicates that the Hawking 
temperature increases with the increase of b, thus leading to the stronger Hawking radiation. 
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The luminosity of Hawking radiation depending on the angular momentum of the black hole is also studied. 
When a increases, the luminosity of Hawking radiation L decreases. This is because that the Hawking 



temperature decreases when the black hole rotates faster, ^JIl 



a(3rj 



27rrH(3r|,+4a2r^+a*) 



< 0. We have also 



examined the emission rate = 5^ J2jmi 'j^jr^Zi- observed that other modes' influence on the dominant 
mode (/ = m = j = 0) is negligible when a is small. In Figs. 6 and 7, we show the contribution of other mode 
on the dominant mode when a = 1.4, which still satisfies the low energy limit aui < 1. Variables PO, PI, P2 

in the figure are given by 
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(57) 



When h increases, the modification becomes bigger. This is because that bigger h leads stronger super- 
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FIG. 6: PO and PO + PI + P2 in metric (5), the left for fixed 6 = 0.9 and the right for fixed b = 0.95, Here a = 1.4 
and Ts = 1. 



radiance. Comparing to the black hole background (5), the modification to the dominant mode's emission 
rate is even weaker in the background (8). This is consistent with the observation that for fixed a, there is not 
much super-radiance in the background (8) compared to that in (5). To our observation, in the low energy 
limit the enhancement of the emission rate due to the angular momentum and brane tension is not obvious. 
It is interesting to generalize our investigation to the intermediate and high energy and angular momentum 
situations to reexamine the emission rate of scalar field. 
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FIG. 7: PO and PO + PI + P2 in metric (8), the left for fixed b = 0.9 and the right for fixed b = 0.95. Here a = 1.4 
and rs = 1. 

V. CONCLUSIONS AND DISCUSSIONS 

Wc have studied the absorption probability and Hawking radiation of sealar field in the background of six- 
dimensional black holes rotating orthogonal to a tensional brane or spinning on a tensional brane, respectively. 
Our results show that with the nonzero brane tension, properties of evaporations of scalar field are different 
from those of the rotating black holes where the brane tension is completely negligible. This could serve as 
signatures of extra dimensions in the future collider searches. 

We have observed that the rotation of the black hole brings richer physics. Nonzero angular momentum 
triggers the super-radiance. But in our analj^tic analysis we see that the enhancement of the emission rate 
due to the angular momentum is weak in the low energy limit. The lowest mode still dominates over other 
modes in Hawking radiation and gets small modification in the low energy and angular momentum limits. 
It is of interest to generalize our investigation to the intermediate and high energy and angular momentum 
situations to reexamine the emission rate. 

We have also compared the results for black holes rotating in different angles and found that when the black 
hole rotating on the tensional brane, the phenomenon of the super-radiance caused by the angular momentum 
is not obvious as compared with the black hole rotating orthogonal to the brane. Less enhancement of the 
emission rate has been found for the hole spinning on the tensional brane. The effects due to the brane tension 
on the super-radiance also differ when black holes rotate along different angles. For the black hole rotating 
on the tensional brane, the nonzero brane tension allows bigger range of the frequency to accommodate the 
super-radiance. 
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In this paper we only considered the bulk scalar emission in the codimension-2 rotating black holes. It 
would be interesting to examine the emission of the scalar field on the brane and investigate the brane to 
bulk ratio of Hawking radiation. Recently for rotating black holes with zero tension on the brane, the ratio 
between the brane and bulk Hawking radiation has been studied in 1J|. Furthermore it would be of more 



interesting to study other fields emission, such as the gravitational field etc. Works in this direction will be 
reported in the future. 
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